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A STUDY OF THE DISTRIBUTION OF MOLECULES 
UNDER FREE MOLECULAR FLOW CONDITIONS 
AFTER COLLISIONS WITH SIMPLE GEOMETRIES 
- 
fiY 
David W. Tarbe l l  and J a m e s  0. Ballance 
SUMMARY 
The s tudy makes a d e t a i l e d  examination o f  molecular d i s t r i b u t i o n  
under f r e e  molecular flow conditions wi th in  su r faces  of s i m p l e  geometries. 
By consider ing inf in i t . e  length  i n  one dimension, the problem could be 
reduced t o  a two-dimensional analysis .  Exact , closed form so lu t ions  were 
obtained only  f o r  c i r c l e s ;  however, numerical s o l u t i o n s  were obtained f o r  
e l l i p s e s  and parabolas. 
obtained and compared t o  the  theo re t i ca l  so lu t ions .  Derivations of  ( a )  
the  d i s t r i b u t i o n  of molecules over the  su r face  as a func t ion  of  c o l l i s i o n  
number, (b) the  e x i t  d i s t r i b u t i o n  across  the  opening of each sur face  con- 
f igura€ion,and (c)  the d i s t r i b u t i o n  across  the  center  l i n e  of each con- 
f i g u r a t i o n  are presented. 
Monte Carlo computer technique r e s u l t s  were 
SECTION I. INTRODUCTION 
S tud ie s ' o f  f r e e  molecular flow problems have usua l ly  been concerned 
wi th  the  gross  e f f e c t s  r e s u l t i n g  from the  flow such as the conductance of 
a tube o r  the  forces  on a body moving a t  a v e l o c i t y  l a rge  compared t o  t h e  
thermal v e l o c i t y  of t he  gas molecules. The a n a l y t i c a l  so lu t ions  are 
usua l ly  obtained i n  exac t  forms for l imi t ed  geometries. 
speed d i g i t a l  computer methods [l, 2 ,  3, 41 has allowed the determinat ion 
of  many i n t e r e s t i n g  parameters such as d i s t r i b u t i o n  o f  molecules, average 
number of  c o l l i s i o n s  wi th in  surfaces ,  e t c .  , parameters which would have 
been d i f f i c u l t  i f  not impossible to  determine from exac t  a n a l y t i c a l  
s tud ie s .  It w a s  f e l t  by the  authors t h a t  a d e t a i l e d  examination of  
molecules under f r e e  molecular flow condi t ions  would allow much g r e a t e r  
i n s igh t  i n t o  a c t u a l  phys ica l  processes and would ass is t  i n  p r a c t i c a l  
problems such as cryogenic pump array design,  molecule-surface i n t e r -  
a c t i o n  s t u d i e s ,  high a l t i t u d e  atmospheric measuring programs , etc .  
The use of  high 
2 
Typical of most s t u d i e s  of f r e e  molecular flow, two assumptions have 
been made: (1) The molecules i n t e r a c t  only wi th  the  su r faces  and (2) 
molecules co l l i d ing  with the w a l l  a r e  re-emitted d i f f u s e l y .  (The terms 
"molecules" and "pa r t i c l e s "  are used interchangeably throughout. ) I n  
a l l  cases, the sur faces  examined are considered i n f i n i t e l y  long i n  the 
"z" d i r e c t i o n  such t h a t  t h e  ana lys i s  can be reduced t o  two dimensions." 
Theore t ica l  s tud ie s  presented i n  t h i s  paper consider  only elementary 
su r faces  which, i n  two dimensions, are c i r c l e s ,  e l l i p s e s ,  and parabolas;  
however, completely d i g i t a l  computer s t u d i e s  have considered hyperbolas 
and t r i a n g l e s  [3] .  Only f o r  the case of  t h e  c i r c l e  could so lu t ions  be 
made exac t ly  i n  closed form. The o the r  cases  r e s u l t e d  i n  i n t e g r a l s ,  
some of which were solved by computer methods. Monte Carlo methods used 
f o r  t h i s  study are described i n  Reference 3. 
This paper presents  t h e  d e r i v a t i o n  of (a) the  d i s t r i b u t i o n  of 
molecules over the sur face  as a func t ion  o f  c o l l i s i o n  number, (b)  the  
e x i t  d i s t r i b u t i o n  across  the  opening of each su r face  conf igura t ion ,  and 
( c )  the  d i s t r i b u t i o n  across  the center  l i n e  of each configurat ion.  The 
r e s u l t s  of  numerically in t eg ra t ing  these  expressions are given and com- 
pared wi th  the r e s u l t s  obtained by the  Monte Carlo method. 
SECTION 11. DISTRIBUTION OF MOLECULES OVER A SEMICIRCULAR SURFACE 
AS A FUNCTION OF COLLISION NUMBER 
A. General Expressions 
Y 





Consider .a f l ux  of  molecules en ter ing  the  semicircular  geometry 
shown i h  Figure 1. After being r e f l ec t ed  a t  the  sur face ,  some of  t h e  
molecules w i l l  e x i t  the  a r r ay ,  while o t h e r s  w i l l  c o l l i d e  again wi th  the  
sur face  a number of times before exi t ing.  
The problem t o  be considered here i s  t o  f ind  expressions f o r  the 
d i s t r i b u t i o n  of these  molecules over t h e  .surface,  as a func t ion  of  
c o l l i s i o n  number. When the  i n i t i a l  d i s t r i b u t i o n  is known, the  problem 
is  simply a matter  of trigonometry and ca lcu lus ,  as follows: 
Le t  the  i n i t i a l  d i s t r i b u t i o n  be given by- 
hgl = number of molecules p e r  rad ian  t h a t  c o l l i d e  wi th  the  
sur face  a t  point  P on the  f i r s t  c o l l i s i o n .  (See Figure 1.) a 
Then the t o t a l  number of incident molecules, No, is given by . 
0 
According t o  Lambert's Cosine Law of Diffuse Reflect ion,  the number 
of molecules per  rad ian  t h a t  are r e f l ec t ed  from Pa a t  an angle  cp with  
the  normal i s  proport ional  t o  the  cosine of t h i s  angle ,  i .e.,  
Na,cp = k cos cp. 
Then c l e a r l y ,  
sr/  2 
n 
Na = J k cos cp dcp, 
where N a  i s  the  sur face  d i s t r i b u t i o n  funct ion f o r  any a r b i t r a r y  c o l l i s i o n .  
This y i e l d s  immediately 
4 so t h a t  
1 Na,cp Na COS Cp. 
4 
Now the number o 
sur face  between f3 and 
th ree  contr ibut ions:  
f molecules t h a t  c o l l i d e  aga in  wi th  a s e c t i o n  of the  
l r /2 (shaded band i n  Figure 1) w i l l  be the  sum of 
(1) fo r  a i n/2, (2)  f o r  d 2  1 a 2 B , and (3) 
f o r  B > a. 
Contribution (1): a > ‘II/~ 
The number of molecules per  r ad ian  r e f l e c t e d  from Pa t h a t  h i t  
between B and d 2  is 
€+8 
1 N1 = I $ N a  cos cp dq = N, [ s i n  ,P]~+’ E a, B 
E 
.From Figure 1: 
2 2 E  = ‘II - (a - B) ,  o r  
a l s o  
o r  € + E = - -  2 2 ( E  + 6) = * - 
Hence, 
and 
s i n  E = s i n  [2 - (?)I = cos(-), 
5 
so t h a t  
. 
Then the t o t a l  number of molecules t h a t  h i t  between f3 and n/2, 





IT - > a > p  Contr ibut ion (2) :  2 - - 
I n  t h i s  case the re  w i l l  be two cont r ibu t ions :  ’ ( 2 - l ) ,  angles  g r e a t e r  
than a, and (2-2), angles  less than a (Fig. 2) .  For the f i r s t  c o n t r i -  




N2-l = 1' N, cos cp dcp = 2 N, s i n  (-6) - s i n  ( -  
a, B 2 I [  
2-1 1 
Na,B = - N 2 a  (1 - s i n  S ) ,  
b u t ,  from Figure 2: 
2 6 =  f l - ( ; - a ) = q + a ,  
o r  
so t h a t  
2-1 1 
= N, [1 - s i n  (2 + !)I. 







Then the t o t a l  number of molecules that h i t  between B and n/2, from a l l  
Pa, such that n/2 - -  > a > p i s  
n/2 
2 
N B = [ $ Na [2 - s i n  ($ + y) - cos (v)1 d a  .. . . 
B 
Contribution ( 3 ) :  a 5 p 








2(€+8) = * - (@-a) 
' € + E = - -  
2 * (T) 
s i n  (€-E) = cos @)* 
Also 
2E = JI - (; - a) 
JI 
2 
s i n  E = s i n  
Y 
- X  
b 
so t h a t  
and the  t o t a l  number of molecules that  h i t  between @ and n/2, from 
- a l l  Pa, such t h a t  f3 2 a ,  i s  
Y - -7 
N3 = Na [ c o s  (* A' ) - sin(: +!)I da. B 
0 
(3) 
Combining equations ( l ) ,  (2)  and ( 3 ) ,  the  t o t a l  con t r ibu t ion  t o  
the  number of molecules h i t t i n g  between @ and n/2 from a l l  Pa,  is: 
B 
+ 2 a  N [cos (v) - s i n  (: + $1 da. 
Now t e r m s  ( 2 )  and ( 4 ) ,  and terms ( 3 )  and (6)  can be combined d i r e c t l y .  
A l s o ,  s i nce  
cos (7 - :) = s i n  (: + F), 
I 10 
I t h e  expression reduces t o  
3112 n12 
- 2 a  N s i n  (f + $) d a  + fL 2 a  N cos (y) da. 
0 0 
+ 1 Na da 
B 
Now, from t h e  symmetry of t h e  problem (Figure l ) ,  it is  clear 
t h a t  
A1 so 
s i n  (: + y) = s i n  (t + $) 
and 
d(fi - a) = - da ,  
so t h a t  by s u b s t i t u t i n g  (TI - a) f o r  a i n  t h e  f i r s t  i n t e g r a l  -
I T  0 1 $ Na s i n  (: + 5) d a  = 2 N rc-a s i n  (f + y) d(rc - 
K12 3112 
rr12 
= 1 5 Na s i n  (t + f) da ,  
0 
11 
so t h a t  it cance ls  wi th  the  four th  in t eg ra l .  
t he  expression becomes 
With t h i s  s impl i f i ca t ion ,  
n sr/2 B 
NB = -1 2 a  N cos (y) d a  + J N a  d a  + J $ N, cqs (v) da. ( 4 )  
B B 0 
This i s  the  t o t a l  number of molecules t h a t  h i t  between $ and n/2'from 
a l l  po in t s  on the  surface.  Since t h i s  w i l l  vary  with the  c o l l i s i o n  
nmcber, x ,  l e t  ?! n) = t o t a l  nuxber cf m l e c u l e s  t h a t  b i t  the  sur face  
between B and n/ 4 on the nth co l l i s ion .  
Now the  number of molecules per rad ian  t h a t  h i t  a po in t ,  Pa, on the  
n th  c o l l i s i o n  i s  found by ca lcu la t ing  the  l i m i t :  
N ( n )  ; t he re fo re ,  -d But t h i s  i s  c l e a r l y  j u s t  the der iva t ive  - 
dB B 
so t h a t  





cos ?+) = cos 7 a cos + s i n  a s i n  B . 
2 
Now, l e t  
Then, using equations ( 5 ) ,  ( 6 ) ,  and ( 7 )  i n  equat ion ( 4 ) ,  it follows 
t h a t  
o r  
and 
which i s  the f i n a l  expression f o r  the  d i s t r i b u t i o n .  Given any i n i t i a l  
d i s t r i b u t i o n ,  N&1) ,  the  d i s t r i b u t i o n  a t  the  next c o l l i s i o n  can be found 
by f i r s t  ca lcu la t ing  F(2)(a,  p) from equat ion ( 7 ) ,  using t h i s  expression 
(with the  indicated s u b s t i t u t i o n s )  i n  equat ion ( 8 ) ,  and then using 
equat ion (9) .  
For spec i f i c  cases ,  the  elementary i n t e g r a l s  given i n  Appendix A 
w i l l  be useful. 
h 
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B. Case I: ' Incident  Dis t r ibu t ion  Uniform over the  Suiface 
1. Dis t r ibu t ion  a t  Second Co l l i s ion  
4 
For an incident  d i s t r i b u t i o n  of molecules uniform over the 
sur  f ace  ; 
where No i s  the  t o t a l  tiumber of incident molecules. Then, from 
equat ion (5),  
From equat ions ( 7 )  and ( l o ) ,  
2 5) a F(2)(a, f3) = $ %(cos cos 5 + s i n  a s i n  da,  
2 5) a 6 No (2 s i n  7 cos - - 2 cos a s i n  . d 2 ) ( a ,  p) = 2 
Then, 
F(2)(@, B) = 2 n  s i n  e 2 cos e 2 - 2 cos e 2 s i n  E) 2 = 0, 
14 
cos 2 + - NO ‘I[ fr (2 - B)* 0 B No N s i n  - - - ll 2 n  - -  
From equation (9 ) :  
2. Third Co l l i s ion  
From equat ions ( 7 )  and (13): 
1 a ;) (,,, y cos E + F(3)(a ,  B) = > s ( 2  - cos - 2 - s i n  - a 2 
No a [ 4  s i n  7 cos + + s i n  F(3)(a, B) = 2 
- s i n 2  Q! 2 s i n  2 - s i n 2  cos 2 - (f - 3 s i n  a) s i n  $1. 
N crc 1 - 2 
15 
Then , 
NO = - 45( [- @ + + s i n  B> cos 5 - s i n  5 + 5 cos 5 s i n  p 
s i n  5 s i n  - @ - + s i n  @) s i n  51 . 1 2 - -  
F(3)(f3, 8) = NO [ - 5 (cos 5 + s i n  f) - s i n  51. 
F(3)(lr, f3) = 2 ( 4  cos 5 - 2 cos - s i n  - cos E - Jr s i n  
2 2 2 2  
Then, using equat ions (8) and (12): 
16 
NO E = - [ - B (cos s + s i n  E) - 2 s i n  5 + 4 s i n  5 - 4 cos 2 4s 2 
From equation (9) :  
N 
4s 2 2 E 
P a  
"I - - 2 [-4 ++(; - B + 7) cos 5 - +.($ - B - 7) s i n  - s i n  - cos 
3 .  Fourth C o l l i s i o n  
From equations. (7) and (15):  
I 
17 
16fi a 2 2 a 2 2) - (; + 5) (5 + + s i n  a) cos 5 * = 2 [16 ( s in  - cos - COS - s i n  N 2 
> $  
- (z + 5) s i n 2  s i n  B + y 1 s  (F + a s i n  a + cos a cos 
+ 1. 2 ( s in  a - a cos a) s i n  $ + ($ - 5) s i n 2  
s i n  2 2  - 1. ( s in  a - a cos a ) cos ~ - f ( ~ - a s i n a - c o s a ) s i n ~ ] .  
Then 
+ L (e + B s i n  B + cos p) cos 5 + +- ( s in  B - p cos p) s i n  E 
2 2  
+ 5) s i n 2  cos e + (5 - 5) - + s i n  B) s i n  5 - 5 ( s in  @ - @ cos p) cos e 2 
- -  (e - B s i n  B - cos B) s i n  51 
5 [- f ($ + 5) + - 
2 2  
1 (e t p s i n  8 + cos p - ) - - NO 1 6 ~ 1  2 ( 2  
--(sin 1 - B cos 8>1 + , s i n  [- ($ + 5) + 5 ( s in  B - p o s  B> 2 
18 
Then, using equations (8) , and (14) : 
82 - sc - 11 + 157 1 1  + 5~ + 2, s i n  +(? - 48 - 2 + 871 - 168 2 
+ (f - p + 7) s i n  + (: - p - 7) cos $1. 
2 
From equat ion (9):  
20 
7n + 6a + - - - "> s i n  :I. - (22 - 2 2 2 
4 .  F i f t h  C o l l i s i o n  
From equat ions ( 7 )  and (17) :  
a cos 5 + s i n  2 s i n  5) da. 2 - (22 - F +  7s 6a 
02 + (6 - g) (') (g + a s i n  a + cos a ) + - ;(: + (1 - 1) s i n  a + a cos a) 
+ (y - 22) s i n 2  2  - (  ( 6  + ") 2 ($) ( s i n  a - a cos a)  
21 
+ - 1 (a  s i n  a + COS a - O2 COS C I ) l  + s i n  5 [- 6 4  cos a - (22 + 5) s in2  f 
2 2 2 
+ ( 6  - :) (i) ( s i n  - CI cos a) + s i n  a + cos a - - CF cos a) 2 2 
c 
1 a3 O2 + y ( 7  - (T - 1) s i n  a - a cos 
Then, 
N 
- (22 + F) @ + s i n  5 cos 
+ ( 6  - :) ($) ($ + 28 s i n  - B cos e + 1 - 2 s i n 2  e) 
+ F 1 (7 P3 + ($ - 1) 2 s i n  5 cos 5 + B - 28 s i n 2  e) + (9 - 22) s i n 2  
- (6 + :) (+) (2 s i n  g cos E - B + 28 sin':) + 5 (28 s i n * F  B cos 
2 2 2 
2 2 
2 + 1) 
- 2 s in2  - 
2 2  2 2 - ( 2 2  + p) + 8' s in2  "1 + s i n  [- 64 cos 




F(5)(0,  B) = [($ - f )  COS f + (- 6$ + 2) s i n  - . 
N 
F(5)(JI,  B) = O (,,, $ [ 6 4  - (22 + $-) ($) + (6 - E) 2 (L) 2 ($ - 1) 
+ - 1 (7 J13 - JI) + fy - 22) - (6 + ;) (h) (JI) + i (- 1 + $1 
2 0  / \  / \  L/ 
+ s i n  E 2 [ - (22 + F) + (6  - 2)  (L) \2 (JI) + $ (- 1 + $) + (9 - 22) ($) 
- ( 6  +;)($($+l)+i($+fi)]}. 
2 + s i n  
. Then, using equations (8) and (16): 
N(5)  = 2F(5)(@, B) - F(5)(0, f3) - F(5)(fi ,  B) + NB ( 4 )  
B 
4 15g - 2nB + 64n  
24 
15 8 n2 s3 11s - - + - - 152 + 1 8 s  - 328 - 2nB + 2p2) + s i n  5 (- 5 1  - - - 4 24 .2 
s2 + 2 + 152 + 14n 1 3 5  1 1 -4 24 582 + 83 + 60- - - + 252- + 10- S[ - 4  6 2 4  4 +3n8 - 
- 328 + 2nB - 2P2) + 3235 - 64!31* 
A 
- 478 - 4s8 + 1 N N ( 5 )  = [ 3 2 n  - 648 + (- 187 + 2 8 p  - B 64n  
1 n2 n3 
2 - 4  187 + 1 8 ~  n - 4 + 5 - 478 + 5118 - 
+ c) s i n  $1 
From equat ion  ( 9 ) :  
B 
4 7 - 4 . J ( + 9 f 3 - 2  €i + 9 cos 2 
+ L 6 8 7  + 1 8 p  1 - 
2 
25 
+(- 47 +55c - 9p - .G + e > i n  4 
B=a 
N 
(19) 1 Yr2 f13 702 
=in ?I- 
93 + 18- < - - + -  C 29a - 3m + -  - "'+E) 
2 4 24 2 4 6 
C. Case 11: Incident  Dis t r ibu t ion  Uniform across  the  Y - A x i s  
1. Dis t r ibu t ion  a t  Second Co l l i s ion  
For an inc ident  d i s t r i b u t i o n  of molecules uniform across  
the  y-axis: 
dN N = - # constant  a d a  
but 
dN - = constant  = k. 
dY 
Now 
and from Figure 1 i t  i s  c l e a r  t h a t  y = - cos a so t h a t  
26 
Therefore,  Na = k s i n  (2, but 
= k s i n  a d a  = 2k 
NO 
0 
so t h a t  
= - N  1 s i n  a .  
Na 2 0 
From equation (5) .  
1 N ( l )  = - N cos B B 2 0  
From equations (7 )  and (20): 
F(2)(a(, f3) = cos 5 + s i n  f s i n  
= %. 2  COS 
a s i n  5 sin'- - cos 5 cos3 F(2)(a, f3) = 2 
Then 
NO 
F ( 2 ) ( @ y  B) = -j- (- cos f3) 
0 
N 
F ( 2 ) ( O Y . B )  = 3 ( -  cos ;)
~ ( ~ ) ( n ~  B) = 3 No ( s i n  
N(2)  = 2 F ( 2 ) ( @ ,  p) - F ( 2 ) ( 0 ,  f3) - F(2) ( i ( ,  f3) + Np (1) , 
- 2 (- 2 cos B + cos - s i n  fi + 2 cos p). 
4 . 




3 2 2 2  
28 
2. Third C o l l i s i o n  . 
From equations (7) and (23): 
a a 
cos - + s i n  2 - s i n  a) (cos 7 COS F(3)(ay B) = 2 s( 2 
2 ’  3 ”> 2 - - NO [ cos  $6 + 2 1 s i n  a + sin* 2 + - cos3 - 12 
a 1  4 + s i n  2 (sin2 9 + T - T s i n a -  - 3 s i n 3  91 2 
Then 
4 3 E) 
2 
+ s i n  2 (sin2 + 5 - 1. 2 s i n  B - 5 3 s i n 3  ”>1 2 
- 
N 
E - 4 cos E s i n 2  E) cos ii + s i n 2  8 + + cos 
1 2  2 2 2 3  2 2, 
= 2 [cos 5 
+ s i n  (1 - cos2 5 + 5 - s i n  5 cos .E - + s i n  e + 4 s i n  5 cos2 E)] 2 
+ s i n  
2 2 2 3  
L 
29 
From equat ion (22): 
I .  
Then, using equat ion (8): 
fl B 
2 
- [8 cos p + cos + (2 + 6 ) ' s i n  - cos - (2 + 1) cos 
12 7 2 3  2 
- (; - +) s i n  + 4 cos 5 - 4 s i n  - 2 cos p]. 
2 
N 
N ( 3 )  = 12 [' 3 cos B + (p - 5 + $) cos 5 + (p - 5 - $) s i n  51. (24) 
B 
- 
From equat ion (9): 
+ cos 5 + (p - 2 - +) (cos 5) (+)+ s i n  $1 
30 
3 .  Fourth Col l i s ion  
From equat ions ( 7 )  and ( 2 5 ) :  
2 
2 2 3  s i n  + (- + - "> cos a + - s i n  a 
a 
N 
a cos a + L + + 2) 
24 4 - z  1 s i n 2  f + L*'s in  a 
1 a2 01 s i n  a - cos a) + s i n  2 [(- - t) (T - 3 s i n  a) + - 2 (- \4 - 
2 2 
2 a  1 + (- + f )  s i n  2 - 'i; s i n  a + 1 4 a cos a + 8 9 s i n 3  ~1 2 
N 
. F(4)(a,  B) =  COS $ [(- i - $) s i n 2  + ($ + - f )  s i n  a + 
(- $ - $) cos + (- & + g) - $ 8  - cos3 '1 
2 
+ s i n  e 2 [(- f + s i n 2  + (- i + - 7) s i n  a + (- + 7) cos a 
+ & - g) a + $ + 5 s i n 3  2)  
31 
+ (- - f )  cos - (- 1 - "> cos s i n 2  + [(- + p - $1 cos B 2 2  2 2 
- -  cos B]. 
9 
F ( 4 ) ( ~ ,  B) = 
N 
F ( 4 ) ( ~ ,  B) = % { C O S  5 [(- $ - f )  - (- + - $) + (- & + :) ‘I[ - $1 + 
s i n  e 2 [(- + f )  + (+ - f) + (- 1 2 - :) + - 
F(4)(‘I[, B) = 
From equation (24)  : 
N(3) No [(- 10 - ‘I[ + 
B = 2 4  3 
Then, from equat ion (8) :  
N ( 4 )  = 2d4)(B,  f3) - F(4)(0,  B) - F(4)(5(, B) + NB (3)  
B 
&+i 8 1 ‘I[ 10 
4 4 + 7 - 1 2  12 3 - + - + - -  
- 
33 
From equat ion ( 9 ) :  
s i n  a . 1 - -  9 
34 
4 .  F i f t h  C o l l i s i o n  
From equat ions (7) and (27) :  
a B - 1 8 + 2 4 - - -  - + g) s i n  2 a + 7 4 s i n  a] (cos cos 2 11 55r a m 6 8  8 
+ 
35 
+ + (5 - ($ - 1) s i n  a - a cos a ) + + (+ s i n 3  $)I} 
- - + i~ + a - s) cos a + 48 oG3 + (- 18 1 + g) s i n " ,  
(:4 24 16 16  16  
.+ - 16 s i n 3  f] } . 27 
I 
37 
’ 59 357-t .& 0 N 48  144 16 96 2 ( 5 1 ,  B) = - -F(5) 
( 216 16 96 
From equation (26): 
N 
N(4)  = 2 
B 48  2 
+ s i n  Q 2 (- 
Then, from equation (8): 




Tc3 8 +-+-+-+-- -+-- (y+-p+ - 2  6 - - 5 fi 16 59 357-t fi2 24 16 27 7 2  144 16 96. 3 2 
I 38 
8 + 27 cos BJ. 
39 
D. Summary of Expressions for D i s t r ibu t ion  over a Semicircular 
Surface a t  t h e  nth Coii is ion 
1. General Express ions 
2 .  Incident  D i s t r ibu t ion  Uniform over the  Surface 
(7) 
40 
a N - s i n  - - cos a 2 
N 
N(3 )  B = 0 4 n [2n - 48 + (5 - B + 7 )  s i n  f + ($ - p - 7 )  cos $1 . ( 1 4 )  
(15) N(3)  = - N O  [8 - ($ - a + 5) cos + - a - 5) s i n  f] . a 831 
- ( 2 2  - + 6 a  + 2 - g) 2 s i n  T]. 
+ 2  - 4  *82+ e) 6 cos $1 . 
cos ? +  (- 93 + - -  37n - + -  7r2 T13 - 29a - 3 f i a + 2  7s 
2 4 24 
- Jroz + 2) s i n  ?I. 
.J 
4 6 
3. Inc ident  D i s t r ibu t ion  Uniform across the Y-Axis 
N(') = - 1 N s i n  a. a 2 0  
N ( I )  = 1 N cos B. B 2 0  
N ( 2 )  = 5 (cos - s i n  - - 1 cos p) 
. B  3 2 2  
N 
N(3) 1 2  1  [(p - 5 - +) s i n  + (p - + 5) cos j + 4 cos p] 
B 
N 




( 2 7 )  
a 4  
8 2 9  - s) sin - - - s i n  a 
665 61fi n2 f i 3  ; 11B2 , fip2 
N ( 5 )  B = $ [(E - 72 + - 16 - - 96 '3 - 12  24 16 
14511 fi2 I I ~  
7 2  16 96 +(E - + - - - +  
+ - cos 51. ( 2 8 )  8 27 
a 61f i  I I ~  - fi3 ; 3 7 a  I fia 5 s  3 + (%'- 144'32 192 7 2  24 48  4 8  32  fi*) s i n  
( 2 9 )  
SECTION 111. DISTRIBUTION OF MOLECULES OVER ELLIPTICAL 
AND PARABOLIC SURFACES AT FIRST COLLISION - 
INCIDENT FLUX UNIFORM ACROSS Y-AXIS 
For any given geometry, t he  number of molecules per  rad ian  t h a t  
c o l l i d e  wi th  the  su r face  a t  an angle a, measured from the negat ive 
y-axis,  is: 
Assumiqg a uniform inc ident  f l u x  across the  y-axis: 
where the  constant  k i s  e a s i l y  determined from the  condi t ion  t h a t  a t o t a l  
of No molecules en te r s  t he  geometry across  the  opening from y = -1 t o  
y = +l. Then 
dN/dy = cons tan t  = k, 
+1 
N o =  1 kdy = 2k, 
-1 
or 
so  tha t :  
The d e r i v a t i v e  dylda w i l l  depend on t h e  geometry of i n t e r e s t .  
A. E l l i p s e  
Consider now a semi -e l l i p t i ca l  su r f ace  wi th  i t s  opening, two 
u n i t s  wide, along the  y-axis (Fig. 4 ) .  The general  equation f o r  such 
an e l l i p s e  is: 
X 2  + y2 = 1. 
44 
FIGURE 4 
(Note t h a t  when A = 1, t h i s  i s  the  equation f o r  t he  c i r c l e  which was 
t r ea t ed  i n  the previous sec t ion ) .  From Figure 4, f o r  a > d 2 ,  
tan (a - n/2) = y/-x, and, s ince  tan  (a - g /2 )  = - c o t  a, t h i s  may be 
w r i t t e n  
y = x co t  a. 
so  t h a t ,  i n  both cases;  -x x - -  For a < d 2 :  t an  a' = - - 
-Y Y' 
y = x co t  a 
and 
x = y tan  a. 
Using equation (33) i n  equation (31): 
+ y2 = 1, y2 tan2 a 





o r  
and 
f A cot  a = & A  
Y = ( tan2 a + ~ 2 ) ~ ' ~  (1 + A2 cot2  
But, when c o t  a 2 0, y ,< 0 and when c o t  a 0, y > 0,  so: - 
y = - A co t  a ( 1  + A2 cot2  . 
' ( 3 4 )  
Then 
~ - (- A c o t  a) (- ?) 1 .(1 + A2 co t2  a)-3/2 (2A2 c o t  a) (- C S C ~  a) 
da 
+ A csc2 a (1 + A2 cot2  a)-ll2 
But, frm. t h e  equation f o r  t he  ellipse: y2 - 1 = - x2/A2, so t ha t :  
9 = Y  csc2 a (,). 
d a  c o t  a 
. 
A 1  so 
y /co t  a = x, 
46 
so  t h a t  
But, 
so t h a t  
and 
SO t h a t  
iY= - x3 
da A 2  s i n 2  a 
x3 = y3 tan3 a, 
d~ - - y3 tan3 a 
da  A 2  s i n 2  a - 
y3 = - A3 cot3 a (1 + A2 c o t 2  
9 - A3 cot3 a (1 + A2 co t2  a)-3/2 tan3 a 
d a  s i n 2  a 
Mult iplying numerator and denominator by s i n  a and using equat ion (30), 
t he  f i n a l  expression becomes: 
1 
= - N, A s i n  a ( s in2a  + ~2 cos2 a)-3/2. Na 2 (35) 
B. Parabola 
Consider next a s e c t i o n  of a parabola  wi th  i t s  opening, two 
u n i t s  wide, along the  y-axis. See Figure 5. The equat ion  f o r  t h i s  
parabola  is: 
y2 = 4Px + 1, (36) 
47 
f Y  
FIGURE 5 
with  the  region of i n t e r e s t  being for x < 0 and ly l  < 1. 
y = +1 when x = 0 and y = 0 when x = 
e l  1 i p  s e: 
Note t h a t  
As i n  t h z  case  of t h e  -Fp' 
y = x c o t  a. (37) 
* Then, from equation ( 3 6 ) :  
x2 cot2  Q - 4Px - 1 = 0, 
s o  t h a t  
x =  4P + (16P2 + 4 co t2  2P f (4P2 + co t2  a ) l / 2 ] ,  
2 co t2  a 
bu t ,  s i n c e  x L 0, tan2 a - > 0, and 2P - > 0 f o r  a l l  a i n  t h e  reg ion  of 
i n t e r e s t ,  t h e  p o s i t i v e  square root  is discarded, and: 
r 7 
48 
so  t h a t  
Then 
2P - .  (4P2 + cot' + L!y 4. 1 
d a  s i n 2  a (4P2 + co t2  a)l12 cosz a 
- cos2 a +  2~ s i n 2  a ( 4 ~ 2  + co t2  a)1/2 - s i n 2  a ( 4 ~ 2  + co t2  a) - 
cos2 a sin' a (4p2 + co t2  
1 2P (4P2 + co t2  ap12 iY= 2P [l - d a  cosz a 
2P 
(4PZ + co t2  a)l' 
dN dN 3 - NoP 
a d a  dy d a  cos? a N = - = -  - 
(39) 
A l l  t hese  expressiolls are v a l i d  throughout t h e  reg ion  of 
i n t e r e s t ,  except a t  a = 0, ,t and n/2 .  A t  a = 0, J[: c o t  a = M, so 
t h a t  x and y a r e  n o t  determined from the  equat ions given above. 
However, t hese ' a r e  j u s t  t he  po in t s  a t  which x = 0 and y = 41. 
a = ,t/2 t h e  s i t u a t i o n  i s  s l i g h t l y  more complicated, s i n c e  N a  -+ 
as a + n/2 .  
be used as follows. Rewriting equation (39): 
A t  
0/0 
Thus t o  eva lua te  Nu a t  t h i s  p o i n t ,  1 ' G p i t a l ' s  Rule may 
r 1 
9 - 2P I (4P2 + co t2  a)1/2 - 2P I - 
da cos2 a (4P2 + co t2  * 
1 
49 
Now l e t  
2P (4P2 + cot2  a)f - 2P] [ f(a) 
cos2 a (4P2 + cot2 a)% g(a) 
and 
(4P2 + cot2  a)$ Q(a). 
Then, 
9 f(a) - 2P (Q ; 2P) 
d a  g ( a )  Q cos Cy: 
- 
A1 so 
- c o t  a 
Q ' ( @  = 1. (4P2 + co t2  a)-$ (2 cot a) ( -  csc2 a) = sin2 a 2 
and 
s i n 2  a (csc2 a) + cot  a (Q . 2 s i n  a cos a + Q '  s i n 2  a) 
Q' s i n 4  a Q"(a) = 
. I  
- Q + cos a (24 cos a + Q '  sin a)  - 
Q' s i n 4  a 
so t h a t  
Q(n/2) = 2P 
Q'(n/2) = 0 
Q " ( d 2 )  = 3 = 2p . 2P 1 
50 
Now 
f(a) l i m  f ' (a)  
a +  r(/2 g'(a) - 
1 i m  %] 7 ( =  a +  7(/2 g ( a )  a = -  
2 
by l 'H^opital 's  Rule. 
s ince  Q'(r(/2) = 0 and P < CO. 
g'(a) = Q '  cos2 a + 2 COS a ( -  s i n  a) Q ---+ o 
a --f 7(/2 
s ince  Q1(7(/2) = 0 and cos 7r/2 = 0. Hence, 
f'(a) - 0 
a 4  rc/2 g ' ( a )  0 - -  
1 i m  
and l 'H^opital 's Rule may be used aga in .  
f"(a) = 2pQ" .-+ - 2p = 1 2P a 3 7(/2 
g " ( a )  = - 24' cos a s i n  a + Q" cos2 a - 24 (cos2 01 - s i n 2  a) - 
- 24' cos a s i n  a 4 0 + 0 - 4P(O -1) - 0 = 4P 
so t h a t  
a -+ r(/2 
1 %] I [ = -  4P 
a = -  
2 
and 
SECTION IV.  DISTRIBUTION OF MOLECULES ACROSS THE 
Y-AXIS UPON EXIT FROM ARRAY 
A. Circular  Array 
1. Gener a1 Expr e s s ion 
From Sect ion 11, 
radian  r e f l e c t e d  from a point  
= N cos 
G,cp 2 a  N 
page 4 ,  t he  number of molecules p e r  
Pa a t  an angle  cp wi th  t h e  normal is: 
Now the  t o t a l  number of molecules per r ad ian  from P a  t h a t  passes through 
a s e c t i s n  of  t h e  opening' from the  o r i g i n  (0,  0) t o  po in t  (0, z )  is  
( see  Fig. 6 ) :  
1 
dcp = N cos  cp dcp = - N s i n  6 2 a  2 a  N ,a 
0 0 
FIGURE 6 
5 2  
and the t o t a l  number t h a t  passes through t h i s  s ec t ion  from a l l .  po in t s  
on the  surface is: 
- -
= f N  d a =  Na s i n  6 da.  
NZ c. z,a ? 
0 0 
Thus, t o  ca lcu la te  N,, the  i n i t i a l  d i s t r i b u t i o n  over t h e  sm-face, Na, 
and s i n  6 m u s t  be expressed i n  terms of a. -
In  the case of the  c i r c l e  of u n i t  r ad ius ,  t he  ca l cu la t ion  of 
s i n  8 i s  e spec ia l ly  s i m p l e .  From Figure 6 :  
s i n  6 s i n  (fi - a) -- - 
Z b 
o r  
Also 
and 
so t h a t  
Then 
z s i n  a 
b ’  s i n  6 = 
cos (fi - a) = - cos a 
% b = (1 + z2 + 22 cos a) . 
z s i n  a s i n  6 = ( 1  + zc + 22 cos a)% ’ 
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so t h a t  the expression f o r  the d i s t r i b u t i o n ,  equat ion  (42)  , becomes: 
( 4 3 )  .si I. (1 + z2 + 22 cos a) 
0 
2. Incident  D i s t r ibu t ion  Uniform over t h e  Surface 
I n  t h i s  case, Na = &2 = cons tan t ,  so t h a t :  
fl 
s i n  a da! N2 = - 
(1 + z2 + 22 cos a ) f  
0 
1 + z2 + 22 cos a). *r = - [ -  NO2 ( 2n 2 
0 
= - [(l + 2* - 22)+ - (1 + 2 2  + 22).si-l 
J 2s 
L J 
But (1 + z2  + 22 cos a)% = b y  which is  a d i s t ance ,  and the re fo re  
pos i t i ve .  Since 0 z 51, only t h e  p o s i t i v e  square roo t s  are meaning- 
f u l ,  so tha t :  
N z  
0 
NZ = -* II 
Thus the  e x i t  d i s t r i b u t i o n  i s  uniform across  the y-axis ,  f o r  molecules 
e x i t i n g  the  a r r a y  a f t e r  the  f i r s t  co l l i s ion .  
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3 .  Incident  D i s t r ibu t ion  Uniform across  the  Y - A x i s  
I I n  t h i s  case,  from equation (21), page : 
1 = - N  s i n  a Na 2 0 
so t h a t ,  from equat ion (43 ) :  
s in2  a d a  
N z = L N z  4 0 f (1 + z2 + 22 cos a) % .  
0 
(44) 
This i n t e g r a l  cannot be evaluated i n  closed form, but  
has been numerically in tegra ted  by a General E l e c t r i c  225 Computer. 
The r e s u l t s  of t h i s  c a l c u l a t i o n  are given i n  Sect ion V I  of t h i s  r e p o r t ,  
fo r  No = 10,000 and several va lues  of z .  
B. E l l i p t i c a l  Array 
Consider now a beam of molecules inc ident  from the  r i g h t  onto 
a semi-el l ipt ical  sur face  as shown i n  Figure 7. The c a l c u l a t i o n  of  the 
e x i t  d i s t r i b u t i o n  of those molecules which e x i t  the  a r r a y  a f t e r  one 
c o l l i s i o n  w i l l  depend upon the  r e l a t i o n s  of t he  v a r i a b l e s  y, yo and z ,  
as follows. 
Consider f i r s t  the  case shown i n  Figure 7, where 
Yo - < 0 < 2 < y. I n  t h i s  case the number of  molecules p e r  r ad ian  from 
P a  t h a t p a s s e s  through a sec t ion  of the opening from (0,  0) t o  (0,  z )  
i s  given by:. 




where Na i s  the  inc ident  d i s tp ibut ion  func t ion  def ined i n  Sect ion 111, 
page 4 3 .  The t o t a l  number of molecules t h a t  pass through t h i s  s e c t i o n  
f rom - a l l  po in t s  on the  semi -e l l i p t i ca l  sur face  would then  be: 
= IN. ( s i n  E - s i n  6) d a y  
NZ 2 
0 
however, care  must be taken t o  consider severa l  d i f f e r e n t  cases, and 
t o  de f ine  the angles  5 aid E more precisely.  For exaiiple, i n  Figure 8,  
e i s  - less than 6 so t h a t  equat ion ( 4 5 )  would y i e ld  a negat ive r e s u l t  
f o r  NZya, the  number of molecules passing through the  s e c t i o n  from 
(0, 0) t o  (0, z). This o f  course must be avoided. 
Another ambiguity i s  introduced when s i n  6 and s i n  E are 
expressed i n  terms of a. From Figure 7: 
s i n  .E - s i n  0 
z - Yo b - -  
z - y o )  s i n  0 
b s i n  E: = ( t' 
FIGURE 7 
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But, i n  the case shown i n  Figure 9: 
s in  E s i n  ( s  - ( - 0 ) )  - =  - Yo b 
o r  
2 - yo) s i n  ( -0 )  
b .  s in  E = ( 
which i s  the negat ive of the  f i r s t  case. 




FIGURE 8 FIGURE .9 
N o w ,  a c a r e f u l  examination of Figures 7, 8,  and 9 shows 
t h a t  these  three cases  are the  only ones t h a t  need be considered, as 
fo 1 lows. 
I n  the  ca l cu la t ion  of s i n  E and s i n  6,  only t he  t r i a n g l e s  
conta in ing  these angles  are important;  and s ince  the  v a r i a b l e  y i s  not 
a dimension of any of these  t r i a n g l e s ,  i t s  r e l a t i o n s h i p  t o  yo,  z and 
the  o r i g i n  (0, 0 )  need not be considered. This reduces the  number of ‘ 
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possible  cases  t o  &, the  number of permutations of t h ree  i t e m s  
(yo, z ,  and 0).  
negative z .  Since a l l  the  a r r ays  considered i n  t h i s  study a r e  sym- 
met r ic  wi th  r e spec t  t o  the x-axis ,  a l l  the  r e s u l t s  f o r  negat ive z a r e  
i d e n t i c a l  t o  those fo r  p o s i t i v e  z ,  i . e . ,  N, = N,. It the re fo re  remains 
t o  consider only the  th ree  cases shown i n  Figures 7, 8,  and 9. 
Furthermore, - hal f  of the  remaining cases  a r e  f o r  
Case 1. 
Yo - <: 0 - i z (See Figure 7 .  j 
1 N = - N ( s i n  E - s i n  6) . ,,a 2 a 
where 
z - yo) s i n  0 
b s i n  E = ( 
and 
- yn s i n  9 s i n  6 =  
S 
so t h a t  
I 
b S N = - N  s i n  9 ,,a! 2 a! 
Case 2. 
0 5 Z I . Y O  (Se,e Figure 8.) 
1 N = - N ( s i n  6 - s i n  E )  z,a 2 a 
where now 
(47) 
s i n  ( -0 )  - - yo s i n  9 - 
S 




- z )  s i n  ( -0)  - ( z - y o )  s i n  8 ('0 - 
b b s i n  E = 
so t h a t  
1 
b N = - N  s i n 0  z,a 2 a 
which i s  the negat ive of t he  r e s u l t  f o r  Case 1 above. 
Case 3 .  
0 L Y o < Z  (See Figure 9 . )  
N = 1 N ( s i n  8 + s i n  €1 z,a 2 a 
where now 
and 
so t h a t  
which i s  the same as the  r e s u l t  fo r  Case 2. 
yo s i n  0 s i n  ( - 8 )  - - s i n  6 = YO 
S S 
z - y o )  s i n  (a - ( - 0 ) )  - (yo - z )  s i n  0 ( 
b b s i n  = 
To take care of  the d i f f e rence  i n  s ign  between Cases 1, 2,  and 
3 ,  it  i s  necessary only t o  i n s e r t  absolu te  value s igns .  Thus, the 




where the  q u a n t i t i e s  N a ,  yo, b,  s and 0 must now be expressed i n  terms 
of  a (z i s  the  independent ,var iable) .  The inc ident  d i s t r i b u t i o n ,  Nay 
f o r  an e l l i p s e ,  has been ca lcu la ted  i n  Sect ion 111-A, page 43,  f o r  an 
inc iden t  f l u x  uniform across  the  y-axis. It the re fo re  remains only to 
c a l c u l a t e  yo, b y  s ,  and 0: 
From Figure 7: 
and from Figure 8 o r  9: 
t a n  (-9) = - x/(yo - Y ) ,  
so t h a t ,  i n  all cases: 
yo = y + x co t  e. 
Now the  equat ion f o r  the e l l i p s e  i s :  
- + y 2 =  X2 1 




= tan 0,  
dx 
6 0  
so t h a t  
t an  8 = - x/yA2 
Also from Figure 7 :  
.Jt t a n  ( a  - -) = y/-x,  2 
but 
- -  - cos a  co t  a, - s i n  ( a  - $) 
cos ( a  - $) 
II t a n  ( a  - 7) = s i n  01 2 
and 
x = y t a n  O1 
y = x cot  a 
(53)  
so t h a t  
co t  a = y/x.  
From Figure 8 or  9: 
t an  a = -XI-y, 
so t h a t  i n  a l l  cases: 
Then from equation (52): 
and 
t a n  0 = - t an  C X / A ~  
0 = tan-’ (- t a n  C X / A ~ )  ( 5 4 )  
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so t h a t ,  from equat ions (53) and (51): 
yo = y + y tan a co t  8 
f r n v = y + t an  a co t  [tan-’ (- t a n  a / ~ 2 )  
= y {I + t a n  a (- *2 )I t an  a,, 
\ 
yo = y (1 - A2).  
The expression f o r  y i s  given i n  Section III-A, page 45: 
y = - A c o t a  (1 + A2 co t2  a)-%. 
d 
Now, from Figure 7: 
b = + J(y - z ) *  + x2’  
and from Figure 8 o r  9: 




Also, from Figure 7, 8, o r  9: 
s = + J X V  
so t h a t ,  i n s e r t i n g  equations (55),  (57) and (58) i n t o  equat ion (50): 
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where, from page 43:  
= 1 N A s i n  a ( s i n 2  a + ~2 cos2 a)-3/2 ; 2 0 
from equation ( 5 6 ) :  
y = - A co t  a (1 + A2 cot2 a)-% ; 
from equation ( 5 3 ) :  
x = y t a n  a; 
and, from equation ( 5 4 ) :  
e = tan-' ( -  t an  a / ~ ~ ) .  
z i s  of course the independent va r i ab le ;  A i s  the  constant  of the  
e l l i p s e ;  No i s  the number of  inc ident  molecules. 
Now, a t  a = 0 and a = x, .the expression f o r  y (and the re fo re  
x) becomes indeterminate,  s ince  co t  0 = c o t  x = o3 . However, from the  
way i n  which the  e l l i p s e s  a r e  def ined,  a t  a! = 0, y = -1 and x = 0,  while 
a t  a = x, y = +1 and x = 0. Also, a t  a! = n/2, t a n  a! = my but  t h i s  simply 
means t h a t  8 = x/2 a l s o  (which can be seen from Figure 7 ,  8,  o r  9) .  
Note t h a t  fo r  A = 1, equat ion (59) reduces t o  the  equat ion 
fo r  the  c i r c l e ,  as i f  should: 
y = - cot  a (1 + cot2  a)-% 
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- -  cot a ( S i n 2  
s in2  QI 
= - cot  QI ( s i n  a)-' 
y = - cos a 
x = y t an  a = - cos a t an  a 
x = - s i n  QI 
e = tan-' ( -  t an  a) 
t a n  8 = - t an  a 
-% = - tan QI ( 1  + tan2 a) 1 J 1 + tan2 0 s i n  8 = t an  8 
= - tan ( 1 + cos2 s in  ">" QI = - t an  a (+ cos a) 
s i n  8 = f' s i n  QI, 
but s ince  only the  absolute  value en ters  i n t o  the ca lcu la t ion :  
s i n  8 = s i n  a 
so t h a t :  
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s in2  a d a  
cos2 a + 22 cos a + z* + s i n 2  a' 
0 
s in2  a d a  
% 
= - N Z  
' L  4 0 
( 1  + z2 + 22 cos a) 
0 
which i s  ident ica l  t o  equation (44),  page 54. 
Equation (59) fo r  the  d i s t r i b u t i o n  of molecules e x i t i n g  
a semi-e l l ip t ica l  a r r a y  a f t e r  one c o l l i s i o n  is  not in tegrable  i n  closed 
form, but  has been numerically in tegra ted  by the  GE 225 Computer, f o r  
an inc ident  f lux  uniform across  the y-axis. The r e s u l t s  a r e  given i n  
Section V I  of  t h i s  r epor t  f o r  No = 10,000 and qeveral  values  of A and 2. 
C. Parabolic Array 
By r e f e r r i n g  t o  Figure 7 of the  previous sec t ion ,  it can be 
seen t h a t  the expression fo r  t he  e x i t  d i s t r i b u t i o n  from a parabol ic  
s ec t ion  w i l l  b e  very s imi l a r  t o  t h a t  fo r  the  semi -e l l i p t i ca l  a r r ay ,  
except t h a t  t h e  expressions for  x ,  y ,  8 ,  yo and N a w j . 1 1  be d i f f e r e n t ,  
a s  follows. 
The equation f o r  the  paraLola is:  
y2 = 4Px + 1, 
and from Section III-By page 46: 
'y = x co t  a 
so t h a t  
x2 cot2 a - 4Px - 1 = . o  
. 
c and 
4P i (16P2 + 4 cot2  a) % 
.2 co t2  a x =  
2P - (4P2 + cot2 a)% 
x =  cot2  a 
the  negat ive s ign  being chosen because the  domain of i n t e r e s t  i s  €or  
x - < 0 and P 2 0. Again using the  equation €or the  parabola: 
y2 = 4Px + 1 
2ydy = 4Pdx 
Now, 
yo =' y + x co t  0 (63) 
a s  before ,  and the. expression for  Na ( f o r  incident  beam uniform ac ross  
the y-axis) i s  given by equation (40) page 48. The expression fo r  the  
e x i t  d i s t r i b u t i o n  i s  then given by  
c 
I 66 
where x, y ,  yo and 8 are given by equat ions (61) ,  (60), (63 )  and (62) 
above. z ,  of course,  i s  the  independent va r i ab le ;  P i s  the  constant  
of  t he  parabola; No i s  t h e  number of inc ident  molecules. 
case of the e l l i p s e ,  care  mus t  be taken a t  O! = 0, d 2 ,  r(. A t  O! = 0, K: 
c o t  O! = 03, b u t  again x = 0 and y = il a t  these  poin ts .  
has a l ready  been shown i n  Sect ion 1 1 1 - B ,  page 4 6 ,  t h a t  NO! = N o / 8 P .  
As i n  t he  
A t  O! = 1t/2, it 
Again the expression for  N, i s  not i n t eg rab le  i n  c losed form, 
but r e s u l t s  o f  the  numerical i n t e g r a t i o n  are given i n  Sect ion V I  of 
t h i s  r epor t .  
SECTION V. D I S T R I B U T I O N  O F  MOLECULES ALONG THE 
CENTER L I N E  (X-AXIS) O F  AN ELLIPSE AND A PARABOLA 
A. General Expressions 
The d i s t r i b u t i o n  of  molecules along the cen te r  l i n e  of an 
e l l i p s e  (or  parabola o r  hyperbola) can be found by ca l cu la t ing  the  
number of molecules which passes through a sec t ion  of the  x-axis 
between x1 and x2 (Fig.  10).  




’ Using the  same argument as i n  Section I V  (page 51), t h i s  number would 
be given by: 
. .  
NX = Na ( s i n  E - s i n  6) dct (65’) 
rr/2 
:c IL -- lluw the angles E 2nd 8 are deflaed in PigGre I O .  S k c e  a l l  the  arrays 
considered a r e  symmetric wi th  respect  t o  the  x-axis,  the i n t e g r a t i o n  
extends ’from d 2  t o  rr and is  doubled t o  ob ta in  the  t o t a l  contr ibut ion.  
a e  problem now i s  t o  express s i n  E and s i n  6 i n  terms a€ the  
independent va r i ab le s  (3 and xl. For purposes of numerical eva lua t ion  
of t he  i n t e g r a l ,  x2 has been taken to be x1 + A / 8  f o r  t he  e l l ipse  and 
x 1  + 1/48P f o r  the  parabola. ,  The i n i t i a l  d i s t r i b u t i o n  func t ion ,  Na, 
has been ca lcu la ted  for  the  e l l i p s e  and parabola i n  Sect ion I11 above. 
Now, from Figure 10, it i s  c l e a r  t h a t  t h e r e  w i l l  again be a 
number of cases  t o  consider ,  depending upon the r e l a t i v e  posi,tions of 
x ,  XO, x1 and x2. (The pos i t i on  of the  o r i g i n  does not  matter, s ince  
none of the  pe r t inen t  t r i a n g l e s  contain the  o r ig in . )  I f  a l l  permutations 
of these  va r i ab le s  were t o  be considered, there  would be 41 = 24 poss ib le  
cases.  Fortunate1 t h i s  number can be reduced, as follows: (a )  a s  
mentioned above, x” i s  always grea te r  than xl. 
the  24 cases. (b) An examination of e l l i p s e s  and parabolas shows t h a t  
x . <  ~0 i n  a l l  cases.  Since t h i s  condition i s  independent of (a) ,  6 of 
the  remaining 12 cases  are eliminated. There a r e ,  t he re fo re ,  s i x  cases  
t o  consider:  
This e l imina tes  ha l f  of 
6 .  
6 8  
It w i l l  now be convenient t o  introduce the  following d e f i n i t i o n s :  
a 3 xo - x1 
b 
4 + [ y 2  + (x0 - x ) ~ ]  
c 3 xo - x2 
d + [y + (XI - x ) ~ ]  
1: I + [y 
2 % 
+ (x2 - x > 2 ~ 2  3- 2 
Case 1: x I x1 2 x2 2 xo (Fig. 11) 
FIGURE 11 
From Figure 11: 
s i n  E s i n  (rr/2 - e )  -=  
a d 
o r  
a cos 8 
d o  s i n . €  = 
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. A 1  so 
s i n  (! - e )  s i n  6 -=  
C r 
. '  
The des i r ed  quan t i ty  i s  
Expressions must now be  obtained fo r  a ,  c ,  d, r and i n  terms of t h e  
independent v a r i a b l e s  a, x 1  and x2. 
and r (see above), t h i s  means t h a t  xo, x and y (and 0) must be  expressed 
i n  terms of a,  x1 and x2. But th i s  has  a l r eady  been done f o r  x ,  y and e 
i n  Sect ion I V  f o r  t h e  e l l i p s e s  and parabolas .  
xo, w i l l  be  ca l cu la t ed  later ( see  page 72).  
From t h e  d e f i n i t i o n s  of a ,  c ,  d 
The remaining quant i ty ,  
Case 2. x 5 x 1 L  xo 5 x2 (See Figure 1 2 ) .  
FIGURE 12 
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From Figure 12: 




o r  
a cos e 
d s i n  E: = 
s i n  (2 - e )  s i n  6 -=  
- c  r 
c cos e 
r s i n  6 = - 
Now, from F i g u r e  1 2 ,  i t  is  c l e a r  t h a t  t h e  des i r ed  quan t i ty  i n  t h i s  
ca se  i s  not ( s i n  E - s i n  S),  but is ( s i n  E: + s i n  6). This may be 
obtained by using the  same expression as i n  Case 1 above f o r  
( s i n  E - sin E), namely: 
-
(2 - ;) cos e ,  
t he  negative s i g n  being taken care o f ,  s i n c e  c is, negat ive  i n  t h i s  case. 
Note t h a t  a l l  angles  are  considered p o s i t i v e ,  r ega rd le s s  of t h e i r  
d i r e c t  ion. 
Case 3.  x 5 xo x1 5 x2 (See Figure 1 3 ) .  
s i n  (T + 0) s i n  E - =  
a d 
or  
a cos €3 
d s i n  E = - 
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s i n  (! + e )  s i n  6 -= 
- c  r 
or 
a 
c COS e s i n  6 = - r 
FIGURE 13 
I n  t h i s  case,  the  desired quant i ty  i s  ( s i n  6 - s i n  E). 
Again, i f  t he  o r i g i n a l  (Case 1) expression is  used; the  co r rec t  answer 
i s  obtained, i .e. ,  
Case 4 .  x1 _< x2 5 x 5 xo. 
A t  t h i s  po in t  i t  is c lear  t h a t  the  r e l a t i v e  pos i t i on  of x 
does not  en ter  i n t o  the  ca lcu la t ion  of ( s in  E - s i n  6). Case 4 is 
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t he re fo re  the same a s  Case 1. 
Cases 1 and 2, respec t ive ly .  Thus, the  des i red  expression is, f o r  a l l  
cases:  
Similar ly ,  Cases 5 and 6 a r e  t h e  same as 
The only remaining t a sk  i s  t o  c a l c u l a t e  xo i n  terms of a; 
ceferr ing back t o  Figure 10: 
o r  
s s i n  q 
s i n  ' xo = - 
but  
e + '1 + $ + (a - 5) = fi 
so  t h a t  
Then 
T, = K - ( a +  e ) .  
4 





so t h a t  
Equation ( 6 5 ) ,  with  the appropr ia te  s u b s t i t u t i o n s  from 
equations ( 6 6 ) ,  (67)  and (68) and the expressions f a r  Na, 8, x and y 
from Sect ion 111, y ie lds  the  d i s t r i b u t i o n  Nx along the  x-axis as a 
func t ion  of xl. Calculat ions f o r  spec i f i c  cases  follow below.,  
B. .E l l i p se  
From page 44, equations (32 ) ,  (33) and ( 3 4 ) :  
x = - A (1 + A2 cot2 , 
and 
y = x c o t  a. 
From page 60, equation (54):  
8 = tan'l (- t an  ,/A2). 
From page 4 6 ,  equation (35): 
1 
N, = N, A s i n  a ( s i n 2  a + ~2 cos2 a)-3/2 
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where No is an a r b i t r a r y  number of inc ident  molecules and A is the  
"shape parameter" of t he  e l l i p s e :  
X2 p-+ y2 = 1. 
Summarizing, then: (xl, x2, A, a, Nn a r e  independent v a r i a b l e s ) .  
e = t a n a  (- *r) tan a 
x = - A (1 + A* cot2  
y = x c o t  a 
a = xo - x1 
b = Iy2 + (xo - x ) ~ ] ~ / ~  
d = [y2 + (xi - x ) ~ ] ~ / ~  
I '  
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C. Parabola 
From page47 ,  equations (38) and (37): 
x = tan' a [ 2 ~  - ( 4 ~ "  t co t2  a)'/'] 
y = x c o t  a. 
From page 48, equation (40): 
NOP [l - 2P (4P2 + cot2 a)-1/2] Na = cos2 a 
where P is the  shape parameter of the  parabola 
y2 = 4Px + 1. 
Summarizing : 
x = tan2 a [ 2 ~  - (4p2 + cot2  
y = x c o t  a 
e = t a r 1  (2p/y) 
[ l  - 2P (4P2 + cot2 a)-1/21. - NOP Na - cosz a 
The remaining s t eps  are iden t i ca l  t o  those f o r  t he  e l l i p s e .  
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SECTION V I .  NUMERICAL RESULTS 
A. Fraction of Molecules Making n th  Co l l i s ion  with a Semi- 
c i r c u l a r  Surf ace. 
From the expressions derived f o r  d i s t r i b u t i o n s  over t h e  semi- 
c i r c u l a r  surface (page 3 9 ) ,  t he  t o t a l  number of molecules making the  
n th  c o l l i s i o n  (with the  surface)  can be found by in t eg ra t ing  NP) from 
a = 0 t o  x. 
i s  the  same quant i ty  (see Figure 1, page 2 ) .  The r e s u l t s  rollow: 
It is eas i e r ,  however, t o  c a l c u l a t e  2 x N b n )  a t  /3 = 0, which 
1. Incident  D i s t r ibu t ion  Uniform over t h e  Surface 
N 
(2) = 2 0 (5 - 1) = N, (G) % 0.3634 No 2 x N  P O  x 
No [8, + (- 38 + F)] = No ( 2 5 ~  16x - 7 6 )  ’X 0.0505 No 2 x N(4) = 2 x - 
P O  1 6x 
2. Inc ident  D i s t r ibu t ion  Uniform across  t h e  Y-Axis 
NO 2 X N g :  = 2 x- = No 2 
2 N ( ~ )  = 2 X- NO (1 - i) = - No - = 0.3333 No 
P O  3 3 
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I '  
2 x N(3) = 2 x 2 (- 5 - : &  + $) = No ('" ;63n) =" 0.1271 No 
p= 0 1 2  3 
N 
NO 11 2 x N(4) P O  = 2 x 48 (74 - -$ - $) = (6 - 9) 0.0471 No 
From t h e s e  r e s u l t s ,  t h e  f r a c t i o n  of molecules e x i t i n g  t h e  
a r r a y  a f t e r  n c o l l i s i o n s  can be calculated: 
- (# making nth c o l l i s i o n )  - (# making (n+l)th c o l l i s i o n )  
an (# making nth c o l l i s i o n )  
The r e s u l t s  of t h e  t r i v i a l  ca l cu la t ion  a r e  given i n  Table I. 
B. D i s t r ibu t ions  across  Openings and Center-Lines of Arrays 
a f t e r  One Col l i s ion ,  with Inc ident  D i s t r ibu t ion  Uniform 
Across Y - A x i s .  
I .  
FIGURE 14 e 
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I n  the ana lys i s  of t he  preceding sec t ions ,  expressions 
were derived f o r  the  following: 
NZ = number of molecules t h a t  pass through a sec t ion  of 
the  opening between (0, 0) and (0, z ) ,  a f t e r  one 
c o l l i s i o n  with the  sur face .  
= number of molecules t h a t  pas s  through a sec t ion  of t h e  
x-axis between (xl, 0) and(xl +.0.1, 0),  a f t e r  one 
c o l l i s i o n  with the  sur face .  
Nx 
Programs were w r i t t e n  f o r  a General Elect . r ic  225 Computer 
t o  evaluate  the  i n t e g r a l s  f o r  these  expressions,  f o r  severa l  d i f f e r e n t  
geometries.  The r e s u l t s  of these  ca l cu la t ions  a r e  given i n  Tables I1 
through V, and a r e  shown graphica l ly  i n  Figures 15 through 30. 
I n  Tables I1 and I11 ( fo r  e x i t  d i s t r i b u t i o n s ) ,  t he  indepen- 
dent  var iab le  z is  given i n  column (A), and N, is given i n  column (B). 
But the  quant i ty  of g r e a t e r  i n t e r e s t  i s  the  number between z and z - 0.1. 
This number, Nb(225), is given i n  column (C). The numbers i n  column (D) ,  
N&(7090), a r e  the corresponding values  obtained by the  Monte Carlo method, 
using t h e  IBM 7090 Computer1. 
given i n  column (E) and the  percentage d i f f e rence  i n  column (G). The 
probable error ,  P. E . ,  given i n  column (F),  i s  ca lcu la ted  as follows. 
The d i f f e rence  between these  two, A, i s  
In general ,  i f  N measurements of a quan t i ty  a r e  taken 
and p i s  the p robab i l i t y  of obtaining. a given measurement, then the  
standard deviation of a measurement i s  given by: 
(3 = l / N p ( l  - p ) '  
and the  probable e r r o r ,  P. E . ,  i s  given by P. E. = 0.67450. 
probab i l i t y .  p ,  is found from the  225 r e s u l t s  ( see  next paragraph) and 
The 
_ _  - _  
N = 10,000 i s  t he  number of "measurements." For example, t h e  f i r s t  
va lue  of N k  ( f o r  z = 0.1) i n  Table I1 is  957. This means t h a t  t he  
p robab i l i t y ,  p ,  of a molecule f a l l i n g  i n t o  t h e  sec t ion  between z = 0 
and z = 0.1 is  957/10,000 = 0.0957 ( s ince  the  inc ident  number of 
molecules i s  10,000). Then (1 - p) = 0.9042 and 
(I = J  (10,000) (0.0957) (0.9042)' =.\1865.3194' = 29.42, 
lThis  method and the  r e s u l t s  have been repor ted  i n  Marshall 
Technical Paper MTP-AERO-62-53 by J. 0. Ballance,  W. K. Roberts, and 
D. W. Tarbell ,  and w e r e  presented a t  the  Cryogenic Engineering Conference, 
August 14-16, 1962. 
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so t h a t  
P. E. = (0.6745) (29.42) = 19.8 "= 20. 
In  Tables I V  and V (for cen te r - l i ne  d i s t r i b u t i o n s ) ,  the  
independent va r i ab le ,  x, i s  given i n  column (A) and Nx(225) i n  column (B). 
Since Nx is a l ready  f o r  a f ixed in t e rva l ,  no sub t r ac t ion  is necessary.  
~ ~ ( ? 0 9 0 )  Ta given fer the saEe icterval 111 ccl.;llr! (C); t he  d i f f e rence ,  
A, i n  column (D); t he  % d i f f e rence  i n  (F), and the  probable e r r o r ,  P. E . ,  
i n  column (E). 
I n  a l l  cases ,  t h e  GE 225 Program employed the  Simpson 
Rule t o  eva lua te  t h e  i n t e g r a l .  
depends on the  s i z e  of t he  increment, Cm, used i n  t h e  Simpson Rule, t h i s  
increment w a s  taken to  be j u s t  small enough so t h a t  t he  GE 225 r e s u l t  
contained as many s i g n i f i c a n t  f igures  as the  7090 r e s u l t .  The va lue  
used f o r  & ranged from 1" down to 0.005", depending on the  p a r t i c u l a r  
case ;  i n  each case,  the increment used w a s  made smaller u n t i l  two r e s u l t s  
were i d e n t i c a l  ( t o  the  same number of s i g n i f i c a n t  f i gu res  as t h e r e  were 
i n  t h e  7090 r e s u l t ) .  
t he re fo re  be considered exact ,  w i t h  t h e  e r r o r  i n  t h e  Monte Carlo r e s u l t s  
only. 
Since the  accuracy of t hese  evaluat ions 
The numbers given i n  column (C) f o r  Nh(225) can 
SECTION V I I .  DISCUSSIONS AND CONCLUSIONS 
A. Surface Di s t r ibu t ions  
The d i s t r i b u t i o n  of molecules on t h e  inner  su r face  of a semi- 
c i r c l e  (or a long cy l inder  i n  three dimensions) has been der ived as a 
F i x t i o n  of t he  nu;;;t;sr of c o l l i s i m s  made by t he  melecules. I n i t i a l  
d i s t r i b u t i o n s  considered were f o r  completely uniform incidence upon t h e  
su r face  and f o r  a d i r ec t ed ,  uniform flow on the  entrance t o  the  sur face .  
Figure 311 graph ica l ly  presents  t he  'percentage of p a r t i c l e s  c o l l i d i n g  p e r  
r ad ian  f o r  a semic i rc le  and the  two i n i t i a l  d i s t r i b u t i o n s  considered. 
It is  seen t h a t ,  f o r  e i t h e r  i n i t i a l  d i s t r i b u t i o n ,  a f t e r  two c o l l i s i o n s  
t h e  d i s t r i b u t i o n  on the  sur face  becomes approximately cons tan t .  
course,  t he  percentage of p a r t i c l e s  making the  t h i r d ,  four th ,  and f i f t h  
c o l l i s i o n s  becomes q u i t e  small (i .e. ,  1.75% make 5 c o l l i s i o n s ) .  
Chahine [5] has derived the  t o t a l  number f l u x  inc ident  a t  any po in t  on 
a semic i r cu la r  su r f ace  per u n i t  time and u n i t  area with a d i r ec t ed  uni- 
form flow. By summing the  d i s t r i b u t i o n s  f o r  t he  f i v e  c o l l i s i o n s  t h i s  
same f l u x  may be found. This summation is wi th in  2% of t h e  Chahine 
r e s u l t .  Since approximately 99.4% of the  inc ident  par t ic les  have ex i ted  
a f t e r  5 c o l l i s i o n s ,  t h i s  d i f fe rence  is not  s i g n i f i c a n t  and shows t h a t ,  
f o r  t h i s  case,  l e s s  than 2% of the  flux r e s u l t s  from p a r t i c l e s  making 
more than 5 c o l l i s i o n s .  
Of 
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B. E x i t  and Center Line Di s t r ibu t ions  
The d i s t r i b u t i o n s  of p a r t i c l e s  e x i t i n g  the  surface.  a r r ay  and 
along t h e  center l i n e  of  symmetry of t he  a r r a y  have been derived. 
t o  the complexity of these  de r iva t ions ,  a n a l y t i c a l  so lu t ions  were 
obtained only fo r  s ing le  c o l l i s i o n s  with the  surface;  however, computer 
programs can consider  any number of c o l l i s i o n s .  
w a s  thought t h a t  concentrat ion of p a r t i c l e s  ( focusing)  would occur a t  
the e x i t  of the  a r ray .  No such focusing was observed, bu t  t h e  d i s t r i b u -  
t i o n s  a t  the ex i t  and along the  center  l i n e  does y i e ld  very  i n t e r e s t i n g  
r e s u l t s .  For example, f o r  an e l l i p t i c a l  sur face  with the  parameter A 
equal t o  two, it i s  seen from t h e  T a b l e I I a n d  Figure 18 t h a t  50% of  the  
inc ident  p a r t i c l e s  c ross  the  inner  50% of  the  cen te r  l i n e  as ter  the  
f i r s t  co l l i s ion .  A p r a c t i c a l  app l i ca t ion  of the r e s u l t  i s  shown i n  
Figure' 22. 
highly d i rec ted  flow f i e l d s  such as i n  a low dens i ty  wind tunnel ,  a 
rocket  exhaust t e s t  chamber, o r  a rocket  sounding probe f o r  atmospheric 
sampli-ng. Radiation sh ie lds  reduce t h e  r a d i a n t  hea t  l o s ses  of the 20°K 
sur face  and a l s o  provides some impedance t o  molecules from leaving the 
a r ray ,  Col lect ion e f f i c i ency  ( t h a t  i s ,  the  percentage of  p a r t i c l e s  
condensed by t h e  20°K sur face  compared t o  the  t o t a l  number of par t ic les  
en ter ing  the a r r a y )  should be very high (hopeful ly ,  80-90 percent ) .  
Due 
Early i n  the  study i t  
Here i s  a cryogenic pumping a r r a y  which could be used f o r  
C. Monte Carlo Computer Techniques 
The a p p l i c a b i l i t y  and accuracy of  Monte Carlo computer techni-  
ques f o r  the s tudy of  f r e e  molecular flow has been shown. These techni -  
ques are necessary f o r  t h i s  type of study s ince  the a n a l y t i c a l  so lu t ions  
become qui te  complex. As f u t u r e  plans i n  the  study are f o r  extension of  
the  program in to  t r a n s i t i o n  flow where intermolecular  c o l l i s i o n s  w i l l  be 
considered, it i s  f e l t  t h a t  only through the use of Monte Carlo methods 




Useful In tegra ls  
a a a 
2 2 cos - d a  = s i n 2  - 
r 1 .  
2 J s i n 2  2 d a  = $a - s i n  a) 
l c o s 2  f d a  = - 1 (a + s i n  a) 
2 
( s in  a - a cos a) a a CY, s i n  - COS - d a  = s 2 2 
a 1 J $  s i n  7 cos a da = a s i n  a + cos a - - $ COS a 2 2 
1 
COS a s i n  2 cos d a  = t s in2  a s 2 2 
(3) 
(4) 
( 5 )  
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APPENDIX A (Cont'd) 
a3 (5 - 1) s i n  a + a cos a cos2 - d a  = - + a 2 6 
a 
s i n  a cos2 a d a  = - cos4 - s 2 2 
(9) 
COS a cos2 a d a  = (a + -$ s i n  a + s i n  a cos2 + $ s i n  2a) (11) s 2 
l a  s i n 2  f da = ?  l a 2  (T - a s i n  a - cos a) 
a 
cos a sin2 s 
a da = 2 s i n  - 2 
a d a  = - 2 cos - 2 
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APPENDIX A (Cont'd) 
a a 
da = 4 s i n  - - 2a cos - 2 2 





2 s i n  - d a  = b s i n  
a a a d a  = (1202 - 96) cos 7 t ( 2 s  - 48a) s i n  l$ cos 
a a Id3 s i n  da = ( 1 2 3  - 96) s i n  - - ( 2 3  - 4 8 ~ ~ )  cos y 2 
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TABLE I 
FRACTION O F  MOLECULES THAT E X I T  
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ELLIPSE EXIT DISTRIBUTION 
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PARABOLA EXIT DISTRIBUTION 








































































































TABLE I11 (Cont'd) 
2 
P = 0.1250 
0.1 









P = 0.0833 
0 .1  
0.2 


















































































1 6  
20 





14 3.2  
l k  3.7 
14 7 .1  
14 0.2 
14 6.6 
13 5 .1  
1 3  3 .0  
1 3  0.5 
1 3  11.4 
1 2  10.5 
11 1.7  
11 3.1 
11 3.8 
11 7 . 0  
11 5.7 
11 7 . 2  
11 4 . 8  
11 8.6 




TABLE I V  
ELLIPSE CENTER LINE DISTRIBUTION 
X N X (225) Nx(7090) A P. E. 




































































































TABLE IV (Cont'd) 
x 
A = 1.5000 
-1.5000 











































































































































































































































































TABLE V (Cont'd) 
x N X (225) Nx(7090) A P. E. 











































































P = 0.0833 
-3.0000 1564 1553 11 25 2.0 
-2.75 1101 1131 30 21 2.7 
-2.50 886 880 6 19 0.7 
-2.25 756 780 24 18 3.2 
-2.00 666 654 12 17 1.8 
-1.75 598 614 16 15 2.7 
-1.50 541 520 21 15 3.9 
-1.25 491 463 28 15 5.7 
-1.00 443 454 11 14 2.5 
-0.75 392 423 31 13 7.9 
-0.50 336 3 24 12 12 3.6 
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